This paper presents an approach to nding an approximate implicit equation and an approximate inversion map of a planar rational parametric curve or a rational parametric surface. High accuracy of the approximation is achieved with a relatively small numberof low-degree curve segments or surface patches. By using monoid curves and surfaces, the method eliminates the undesirable singularities and phantom" branches, normally associated with implicit representation. The monoids are expressed in exact implicit and parametric equations simultaneously, and upper bounds are derived for the approximate errors of implicitization and inversion equations.
List of Symbols However, implicitization especially surface implicitization has not found widespread use in geometric modeling. This is in part due to the fact that the surface implicitization process is relatively complicated and the degree of the implicit surface equation high. Another di culty is that a single implicitized parametric curve or surface may h a ve u n wanted components or self-intersections. Figure 1a shows a cubic B ezier curve with the control polygon, and Figure 1b shows the implicitized curve with a double point. Figure 2 shows a quartic B ezier curve and its implicit curve, which includes an extraneous curve segment in the neighborhood of the B ezier curve. These undesirable extraneous singularities and branches often lead to computational instability and topological inconsistency in geometric modeling, thus limiting the usefulness of implicitization. parametric curves and surfaces 9 . This approach is asymmetric as one variable is made an explicit function of the others. Chuang and Ho mann extended this method using what they call implicit approximation" 6 .
A l o w-degree implicit equation is computed to locally approximate a properly|parametrized rational curve o r surface. In this way one can obtain the exact implicit form if the approximant is of the same degree as the implicit form. Dokken proposed a new way t o approximate the parametric curve and surface globally" in the sense that the approximation is valid within the whole domain of the curve segment or surface patch. An in-depth investigation of this topic can be found in his dissertation 11 . But, even these approximate implicitization methods can su er from the problems illustrated in Figures 1 and 2 . To circumvent these di culties, algorithms based on monotonicity and least-squares approximation can be invoked 2, 7 , 8 , 1 2 and certain constraints on the coe cients of the implicit representation 1, 3, 18, 1 9 h a ve been introduced. This paper most closely extends Dokken's work to approximate implicitization as well as approximate inversion map, and proposes employing monoid curves and surfaces to compute a low-degree approximant. This allows us to overcome the two problems mentioned earlier. Moreover, monoids have another advantage in that they possess both exact implicit and parametric representations.
The paper is organized as follows. Section 2 reviews some of Dokken's approximate implicitization results.
In section 3, we present the development of the monoid curve s c heme, including the dual representation of the monoid curve, approximate implicitization, approximate inversion map and error analysis. Section 4 describes monoid surface case. Examples and some observations are given in section 5.
2 Approximate implicitization method Dokken developed a general method to approximately implicitize g-manifolds represented by parametric equations 11 . Here, we outline his approach.
Let ps be a parametric || say, B ezier || curve or surface. We would like to nd an approximate low-degree implicit equation qx = 0 f o r ps. In general, the distance between the parametric curve or surface and its implicit approximation depends not only on the value of q ps, but also on the gradient of qx. However, in practice, the value of jq psj alone can serve as a measure of the goodness of an approximation, provided the coe cients of q are normalized. This reduces the implicitization problem to nding a degree m algebraic hypersurface qx = 0 with normalized coe cients such that jq psj , where is a prescribed tolerance.
Let S be an arbitrary simplex containing ps, and qx = P I b I m! I! x I be represented in barycentric coordinates x over S. Then 
Monoid curves
Since curves are conceptually and notationally simpler and easier to visualize than surfaces, we begin our discussion with the former.
A degree n algebraic curve is de ned by an implicit equation which is normally written in the standard The projection of control points P ijk onto the plane z = 0 forms a triangular lattice with the reference triangle's vertices T 0 , T 1 and T 2 corresponding to P 00n , P n00 and P 0n0 , respectively. That is, We n o w derive the parametric representation. Let Ps; t; u be a point on the monoid curve see Figure 4 .
Line T 0 P will intersect T 1 T 2 at point I, whose coordinates are s=1 , u; t = 1 , u; 0. By introducing a new parameter = t=1 , u, the barycentric coordinates of P can be expressed in terms of and u: s = 1 , 1 , u; t = 1 , u; u = u: If the weights are all non-negative or all non-positive and w 0 w n 6 = 0 , w e s a y that the coe cients c i;j;k satisfy the same-sign" condition. Under this condition, the monoid curve has many useful properties, one of which i s convex hull property.
Finally, it follows from the above derivation that the inversion map of the monoid curve is a linear fractional transformation = t=1 , u: , n i 1 , t n,i t i , w e w ant to nd a monoid curve q = 0 to approximate the parametric curve. The process of approximate implicitization involves the following steps.
1. Determine the reference triangle for the monoid curve.
To de ne an algebraic curve, an arbitrary triangle can be used as the reference triangle. Dokken showed that the numerical stability of the approximation process bene ts from choosing a bounding triangle as the reference triangle. However, for a monoid curve one vertex of the reference triangle must be the multiple point i f w e express the curve as in 6. When a monoid curve is used to approximate a parametric curve segment, the location of the multiple point has a signi cant impact on the accuracy of the approximation.
As an example, Figure 5 demonstrates the relationship between the maximum approximation error and the location of the multiple point for a cubic B ezier curve. While sampling discretely for the optimal multiple point might give good results, such a search w ould be computationally expensive. An e cient method of nding the optimal reference triangle i.e., one that gives the smallest approximation error is yet to be devised. In the interim, we determine the reference triangle, as shown in Figure 6 . First, an oriented bounding box ABCD is computed using a method proposed in 16, 26 . Then we nd the concave" side of the curve segment within that bounding box.
This can be done, somewhat roughly, b y classifying the endpoints of the curve segment, P 0 and P 1 , with respect to that axis of symmetry of the bounding box, a 1 , that is parallel to the AB direction. Next, the multiple point T 0 is chosen such that it lies on the concave" side of the curve and on the other axis of symmetry a 2 . Finally, the other vertices of the reference triangle, T 1 and T 2 , are found as the intersections between the bounding box's base DC and the lines joining the corners A and B with T 0 . 4. Perform least-squares approximation.
Usually, the equations Db = 0 are over-constrained. Therefore we seek a least-squares non-zero solution. Then vector b is a solution, and the points on the parametric curve are subject to jq pvj 1 .
In many applications, the inversion formula for a parametric curve is needed. The inversion map of a degree n parametric curve is generally a rational polynomial of degree n , 2. Having found the reference triangle,
we are now in a position to compute an approximate inversion map. To accomplish that, we apply a process similar to our approximate implicitization scheme. Assume that the approximate inversion map is a rational polynomial of degree m n , 2: v = hs; t; u ds; t; u : Given a point P 1 s 1 ; t 1 ; u 1 , we nd point P 0 , other than T 0 , at which the monoid curve i n tersects the line going through T 0 and P 1 see Figure 7 . In order to estimate the smallest distance between P 1 and the curve, we consider the distance from P 1 to P 0 . It is obvious that the former is bounded by the latter. The value of min jds; t; uj can generally be estimated using the coe cients of d.
Monoid surfaces
Algebraic surfaces su er from the same problems that algebraic curves do. To remedy these di culties, we extend the monoid curve s c heme to surfaces. Our development parallels that for curves.
Dual representation for monoid surfaces
A degree n monoid surface has a multiple point O of order n , 1, and therefore is rational. For instance, the Steiner surface is a quartic monoid 21 . Just as in the curve case, a reference tetrahedron can be speci ed whose Similarly, the coe cients c ijkl satisfy the same-sign" condition if the weights w ijk are all non-negative o r a l l non-positive, and the weights at the three corners are nonzero.
Approximate implicitization and inversion map
We n o w consider approximate implicitization for a rational B ezier surface of degree n k with control points P ij and weights ! ij :
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In general, the implicit degree of p; is 2mk. An approximate monoid surface q = 0 for this implicit equation can be found using the following procedure.
1. Determine the reference tetrahedron for the monoid surface.
A method for nding the optimum tetrahedron that ensures maximum numerical stability and the best accuracy remains to be discovered. As of now, we are able to propose only an intuitive w ay of constructing the reference tetrahedron, a direct extension of the approach w e used to determine the reference triangle for a curve. Namely, for a given rational parametric B ezier patch, we compute an oriented bounding box and nd the concave" side of the patch. The multiple point is chosen on that side. The other three vertices are determined on the base plane of the bounding box such that the tetrahedron contains the box.
Since the construction is similar to that for curves, we omit further details.
2. Convert the parametric surface p; i n to barycentric form.
If T 0 T 1 T 2 T 3 is the reference tetrahedron, then an arbitrary point P can be converted into barycentric form 46 Matrix D is of order mn+1km+ 1 m+ 1 2 . We compute its entries using the functional composition algorithm 10 . Note that q satis es the inequality jq p; j k Dbk 2 .
4. Perform least-squares approximation.
To determine the unknown coe cient vector b, we look for a least-squares non-zero solution to the equations Db = 0 . This can be done by computing an eigenvector corresponding to the smallest eigenvalue of D D. Normalization of this eigenvector yields the solution we seek. over the reference tetrahedron T 0 T 1 T 2 T 3 . The distance is within the length of P 1 P 0 . Point P 0 s 0 ; t 0 ; u 0 ; v 0 ; v 0 6 = 1; is the intersection of the surface and line T 0 P 1 see Figure 9 .
Figure 9: Distance between P 1 and P 0 . 
Examples and discussion
In this section we present examples of the approximate algorithm and discuss its possible applications in compute graphics. Figure 10 shows an approximate monoid curve solid line and the B ezier curve dash line. Note that there is a self-intersection point when we implicitize this B ezier curve using general algebraic curves as shown in Figure 1 . These examples show that monoids can closely approximate a parametric curve or surface. Compared with general algebraic curves or surfaces, monoids have fewer degrees of freedom. For example, a degree n monoid curve has 2n + 1 coe cients, while an algebraic curve of the same degree has , n+2 2 coe cients. Thus approximation using general algebraic curves or surfaces should converge faster. However, monoids provide an easy way of rejecting the self intersections and other phantom" branches that are common in general algebraic curves and surfaces. Thus monoids make simple the determination whether a point lies on their inner or outer side. The relatively complex || and in the case of self-intersecting geometric gures, often ambiguous || parity test, nonexterior rule and nonzero winding number methods used for such point classi cation can now be replaced by a more straightforward test. Namely, to categorize a given point P with respect to a monoid segment or patch, draw a parametric ray originating at the multiple point of the monoid and going through P, and compare the line parameter values at P with those at the intersection of the line with the curve, as illustrated in Figure 12 . One of the possible applications of monoid approximation is ray tracing. This notoriously slow technique for photorealistic image rendering spends up to 95 of time computing ray-object intersections. Objects made of parametric patches are particularly compute-intensive. Monoid approximation provides a new way of computing the intersectionis betwe e n a r a y and a parametric surface patch. The basic idea is to rst determine a lowdegree usually degree 2, 3 or 4 monoid surface for the patch, then to intersect the ray with the monoid, which amounts to root nding. Once an intersection point b e t ween the ray and the monoid is found, the approximate inversion map is used to check whether the intersection is within the parametric patch a s w ell as to compute its parametric coordinates on the patch. Figure 13 explains the process of ray tracing a bicubic patch approximated by a fragment of a monoid surface. Our preliminary tests show that monoid approximation not only faithfully represents objects originally modeled with parametric patches, but also signi cantly cuts rendering time. The overall intersection time is a factor of two to three times faster than the B ezier clipping method 17 . and re-compute the monoids. An alternative approach consisting of nding directly a least-squares solution subject to the same-sign" condition is also worthy of exploration. Finally, using monoids as a modeling and visualization tool in computer graphics appears to be a promising and interesting proposition that warrants further investigation as well.
